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Abstract
We derive the matching conditions between FLRW and generalised Vaidya spacetimes
with spherical, planar or hyperbolic symmetry, across timelike hypersurfaces. We then
construct new models of gravitational collapse of FLRW spacetimes with a negative cos-
mological constant having electromagnetic radiation in the exterior. The final state of
the collapse are asymptotically AdS black holes with spherical, toroidal or higher genus
topologies. We analyse the collapse dynamics including trapped surface formation, for
various examples.
Keywords: Black Holes; Gravitational collapse; Spacetime matching; Exact solutions
1 Introduction
Modeling the process of gravitational collapse to black holes has been an important chal-
lenge in General Relativity and, ever since the first model of Oppenheimer and Snyder
[17], huge progress has been made. However, many attempts to build such models us-
ing non-spherical exact solutions of the Einstein field equations (EFEs) have found no-go
results, see e.g. [12] for a review.
The Oppenheimer-Snyder model results from the matching of a collapsing (spatially
homogeneous and isotropic) spherically symmetric Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) spacetime to a (static vacuum) Schwarzschild exterior. As a result of the match-
ing conditions, the interior must be a dust fluid and, consequently, the collapse is con-
tinuous to a singularity. Generalizations of this model to spacetimes with a cosmological
constant Λ have also, more recently, been constructed [14].
The inclusion of the cosmological constant inspired the study of models of collapse
to the so-called topological black holes [21, 11, 24]. This term has been used to coin
black holes with topologies different from the sphere, e.g. with toroidal and higher genus
topologies. Indeed, a variety of models of gravitational collapse to topological black holes
have been constructed with Λ-vacuum exteriors, and interiors given by FLRW [21, 11]
and inhomogeneous spacetimes [13].
None of the above mentioned models includes radiation in the exterior. In order to
do that using exact solutions of the EFEs, one can use generalisations of the (radiating)
Vaidya metric, such as the Robinson-Trautman spacetimes, which result from the coupling
of the EFEs to the Maxwell equations in vacuum and can include a cosmological constant
as well as the different spatial topologies (see e.g. [23]).
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For the particular case of Vaidya exteriors (which are spherically symmetric and have
Λ = 0), some interiors are well-known, such as the FLRW solutions, studied in detail in
[6], and the (inhomogeneous dust) Lemaˆıtre-Tolman solutions, investigated in [7, 10].
Given the importance of the cosmological constant to modern cosmology and the pos-
sibility of the existence of a ”landscape” of vacua states in string theory with Λ positive,
negative and zero, it would be interesting to consider radiating exteriors with a cosmo-
logical constant (of any sign) within a class of generalised Vaidya spacetimes, which are
sub-classes of the Robinson-Trautman spacetimes.
The global structure of Robinson-Trautman spacetimes with Λ has been studied in
[2], where it was observed that these spacetimes may be used as exact models of black
hole formation in non-spherical settings which are not asymptotically flat. In fact, the
gravitational collapse of Robinson-Trautman spacetimes with toroidal topology has very
recently been analysed in [18], where it was shown that incoming electromagnetic radiation
can form black holes as well as naked singularities. However, as far as we know, the
existence of interiors to such spacetimes has not been studied yet.
In this paper, we intend to construct models of collapse to black holes by investigat-
ing appropriate interiors to sub-classes of Robinson-Trautman spacetimes. The resulting
models, therefore, would represent the gravitational collapse of an astrophysical object
with a radiating exterior. The black hole would have spherical, toroidal or higher genus
topology depending on the topology of the collapsing model.
The problem of matching two spacetimes is non-trivial, however, even for FLRW space-
times. In fact, it is known that some matchings with FLRW are impossible: for instance,
with a static vacuum [20, 12] or with Einstein-Rosen (gravitational wave) exteriors [15, 22],
in cylindrical symmetry. Indeed, one of the issues has been to ensure that the matching
problem can be solved globally in time, e.g., in some situations, ensuring that the match-
ing surface maintains its character during the collapse and that e.g. trapped surfaces,
which appear in the interior, will eventually match exterior ones. Even if the matching is
possible, another problem that may arise is that one may not be able to construct it from
initially untrapped surfaces (see an example in [22]).
All examples mentioned in the previous paragraph have vacuum exteriors and, in that
case, due to the matching conditions, the interior radial pressure has to vanish at the
matching boundary thus simplifying the problem. For example, if the interior is FLRW
and the exterior has vacuum then, since the interior has to be dust, this implies that the
boundary is ruled by geodesics which can considerably simplify the mathematics.
By considering Robinson-Trautman exteriors though, one faces a more difficult prob-
lem since not only the exterior is dynamical, but it also contains radial pressure. The
interior, if FLRW, also needs to contain radial pressure, which brings extra degrees of
freedom into the problem. Furthermore, while for Λ-dust matter it is possible to obtain
explicit solutions from Friedmann’s equations in terms of elementary functions, this is not
the case, in general, for FLRW with pressure. In fact, for the hyperbolic FLRW case with
Λ 6= 0, explicit solutions are only known for few particular (linear) equations of state,
such as radiation fluids [8, 9, 23]. So, the analysis of the matching problem can also be
hampered by that fact.
The plan of the paper is the following: In Section 2, we briefly revise the spacetimes
to be matched, which are the FLRW and the generalised Vaidya spacetimes, both with a
cosmological constant and with the different possible symmetries. In Section 3, we consider
the matching between the two spacetimes, along timelike surfaces of symmetry, and derive
the general matching conditions. In Section 4, we restrict the problem to Λ < 0, which
ensures black hole formation and specialise the interior to have a linear equation of state.
We then analyse the matched spacetimes for all possible cases with spherical topology
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and for some particular cases with toroidal and higher genus topologies, all satisfying the
weak energy conditions. Finally, Section 5 contains our conclusions.
We use units such that 8piG = c = 1, greek indices α, β, .., µ, ν.. = 0, 1, 2, 3, latin
indices a, b, c, ..i, j, k.. = 1, 2, 3 and capitals A,B, .. = 1, 2.
2 The spacetimes to be matched
In this section, we briefly review the spacetimes we will attempt to match.
2.1 The interior: FLRW with Λ 6= 0
For our purposes, it is useful to write the FLRW metric in the form
ds2 = −dt2 + a2(t)
(
dR2 + f2(R)
(
dx2 + g2(x)dy2
))
, (1)
where a(t) is the scale factor and the functions f(R) and g(x) as given in Table 1, for the
different values of the gaussian curvature k.
k = 1 k = 0 k = −1
f = sinR, cosR; (a) f = 1 = g (a) f = e±R; g = 1
g = sinx, cosx (b) f = R; g = sinx, cosx (b) f = sinhR; g = sinx, cosx
(c) f = coshR; g = sinhx, coshx
Table 1: The functions f and g of the FLRW metric (1) depending on the curvature k.
All cases with k = 1 correspond to spherical symmetry. For k = 0 or −1, cases (a) have
planar symmetry, (b) spherical symmetry and (c) hyperbolic symmetry. From the EFEs,
we recall that one gets
ρ =
3(a2,t + k)
a2
− Λ, p = −2a,tt
a
− a
2
,t + k
a2
+ Λ, (2)
which are the Friedmann equations.
It will be important below to check when the 2-surfaces of constant t and R are trapped
or marginally trapped. We then take two null normals ~k± to these 2-surfaces satisfying
~k± · ~k± = 0, ~k± · ~eA = 0, ~k+ · ~k− = −1, where ~eA are tangent vectors to the surfaces,
and calculate the null expansions θ± = ηABθ±AB = −ηABk±µ eνA∇νeµB, where ηAB is the
respective 2-metric, giving θ± = (
√
2/af)(a,tf ± f ′) and
θ+θ− =
2
a2f2
(a2,tf
2 − (f ′)2), (3)
where the prime denotes differentiation with respect to R. As standard, we say that the
2-surfaces are trapped if θ+θ− > 0 and marginally trapped when θ+θ− = 0. We call
apparent horizon to a future marginally trapped surface.
We also recall that the weak energy conditions, in this case, are ρ ≥ 0 and ρ+ p ≥ 0,
while the dominant energy conditions are the weak conditions together with ρ ≥ p. Later
on, we will also assume a linear equation of state of the form p = γρ, where γ is a constant,
in which case Friedmann’s equations (2) reduce to:
a,tt
a
= −a
2
,t + k
2a2
(1 + 3γ) +
Λ
2
(1 + γ) (4)
and the dominant energy conditions imply 1 ≥ γ ≥ −1.
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2.2 The exterior: Generalised Vaidya spacetimes
We consider spacetime metrics in the form:
ds2 = −χdu2 + 2εdudr + r2(dθ2 + Σ2(θ)dφ2), (5)
where
χ = b− 2m(u)
r
− Λ
3
r2
and u is a null coordinate, which for ε = +1 is advanced and for ε = −1 is retarded.
In turn, m(u) is the mass function and Σ(θ) = sin θ, sinh θ, θ for b = 1,−1, 0, i.e. for
spherical, hyperbolic and planar geometry, respectively. The particular case with b = 1
and Λ = 0 corresponds to the well-known Vaidya solution.
The above metric admits a geodesic, shear-free, twist-free but expanding null congru-
ence [8]. It corresponds, in general, to aligned pure radiation (i.e. a flow of matter of
zero rest-mass propagating in the principal null direction) with Tαβ = ρ(u, r)kαkβ, where
k = −du is a null one form. A detailed physical interpretation of this metric as a solu-
tion of the Einstein-Maxwell equations with Λ for a null electromagnetic field is given in
[23, 18].
The spacetime has three Killing vectors, in general, and the corresponding isometry
group acts transitively on the spacelike 2-surfaces with constant u and r. These surfaces
of transitivity can describe spheres for b = 1, tori for b = 0 or higher genus surfaces for
b = −1, with the appropriate identifications. The dominant energy condition, in this case,
gives (see also [6]):
ε
dm
du
≥ 0. (6)
It is important to note that for incoming (outgoing) radiation, we can only have increasing
(decreasing) m for an increasing u. As we would like to think of m as increasing with
incoming radiation (ε = 1) and decreasing with outgoing radiation (ε = −1), we will
consider that u grows towards the future (as in [6]).
The null expansions of the 2-surfaces of transitivity, in this case, are θ− = −2ε/r and
θ+ = εχ/r, so that
θ+θ− = −2χ
r2
and those 2-surfaces are trapped as long as χ < 0. The surfaces are future trapped or
past trapped for ε = 1 or ε = −1, respectively.
In turn, for χ = 0 and ε = 1, there are apparent horizons (AH)1 given by:
Λr3H
3
− brH + 2m(u) = 0 (7)
and their causal character is determined by the sign of
ε
dr
du
=
2ε
b− Λr2
dm
du
. (8)
So, the existence of apparent horizons as well as its causal character are constrained in
the three cases b = 0,−1, 1 as follows (assuming the dominant energy condition holds):
• For b = 1, assuming dm/du 6= 0, we just need to look at the sign of 1 − Λr2. For
Λ ≤ 0, the AH is spacelike, while for Λ > 0 it is spacelike for 1 > Λr2 and timelike
for 1 < Λr2. When the AH is spacelike it is called dynamical horizon [1, 18, 19]. If
dm/du = 0, the AH is a null surface.
1In fact, these are marginally trapped tubes or apparent 3-horizons [19], which are hypersurfaces foliated by
future marginally trapped surfaces. To simplify the terminology, we simply call them apparent horizons.
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• For b = 0, the existence of solutions to χ = 0 implies that either m or Λ is negative.
With dm/du = 0, we again have a null AH, while for dm/du 6= 0 the AH is timelike
for Λ > 0 and spacelike for Λ < 0. If Λ = 0, then χ = 0 implies m(u) = 0 which
corresponds to a null AH.
• For b = −1, we must have m or Λ negative. For dm/du 6= 0 and Λ ≥ 0, the AH
is always timelike, while for Λ ≤ 0 it is timelike for 1 > |Λ|r2 and spacelike for
1 < |Λ|r2. Just like in the other two cases, the AH is null for dm/du = 0.
The causal character of the AH is important since it will help to explain the dynamics
studied in Section 4.
Finally, we recall that for a constant m, the metric (5) reduces to the Kottler (vacuum
static) metric
ds2 = −χdT 2 + χ−1dr2 + r2(dθ2 + Σ2(θ)dϕ2). (9)
In this case, for Λ < 0 and m > 0, χ has a unique positive zero and this solution
describes a black hole with planar, spherical or hyperbolic symmetry, respectively, on an
asymptotically AdS background. For b = 0 or −1 it is possible to make identifications of
the 2-metric of constant T and r to obtain toroidal and higher genus black holes.
3 The matching conditions
Given spacetimes (M±, g±) with non-null boundaries σ±, matching them requires an
identification of the boundaries, i.e. a pair of embeddings Φ± : σ →M with Φ±(σ) = σ±,
where σ is an abstract copy of either boundary. Let ξi be a coordinate system on σ.
Tangent vectors to σ± are obtained by ~ei = ∂Φ/∂ξi. There exist also unique (up to
orientation) unit normal vectors nα± to the boundaries. The first and second fundamental
forms of g± on σ± are given by
γ±ij = e
±α
i e
±β
j gαβ|σ± , K±ij = −n±α e±βi ∇±β e±αj .
The matching conditions (in the absence of shells) require the equality of the first and
second fundamental forms on σ±, i.e.
γ+ij = γ
−
ij , K
+
ij = K
−
ij .
If spacetime symmetries are present, one chooses the ~e ±i to reflect the symmetries so that
the expressions for K±ij simplify.
Our objective is to match metric (5) as an exterior to a FLRW interior (1). The match-
ing will be considered along timelike surfaces with coordinates ξi = {τ, ϑ, ϕ} parametrized
as
σ+ = {u = u(τ), r = r(τ), θ = ϑ φ = ϕ}
σ− = {t = t(τ), R = R(τ), x = ϑ, y = ϕ} (10)
The vectors fields ~e±i , generators of the surfaces σ
±, can be written as
~e+τ = u˙∂u + r˙∂r
~e+ϑ = ∂θ
~e+ϕ = ∂φ
~e−τ = t˙∂t + R˙∂R
~e−ϑ = ∂x,
~e−ϕ = ∂y,
(11)
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where a dot denotes derivatives with respect to τ . In turn, the normal vectors to σ±,
which satisfy n±µ e
±µ
a = 0 and n±µ n±µ = 1, give
~n+ =
√
χu˙2 − 2εu˙r˙
(
εu˙∂u + (χu˙− εr˙)∂r
)
,
~n− =
√
t˙2 − a2R˙2
(
aR˙∂t +
t˙
a
∂R
)
,
(12)
where the constants  and  satisfy  = ±1, which comes from the fact that the normal
vectors are defined up to a sign2. With this framework, we can now obtain the first
fundamental forms on σ± as
γ+ = (−χu˙2 + 2εu˙r˙)dτ + r2(dϑ2 + Σ2(ϑ)dϕ2),
γ− = (−t˙2 + a2R˙2)dτ2 + a2f2(dϑ2 + g2(ϑ)dϕ2). (13)
The equality of the first fundamental forms thus gives g(ϑ) = Σ(ϑ) together with:{
χu˙2 − 2εu˙r˙ σ= t˙2 − a2R˙2
r2
σ
= a2f2.
(14)
where
σ
= stands for an equality on the surface σ.
Remark 1. In most cases we omit the symbol
σ
= as it should be clear from the context
whether a relation (equality or inequality) is applied on σ. For example, whenever a dot
derivative is involved, then the relation is applied on σ since that derivative is only defined
on σ.
We can now calculate the second fundamental forms on σ± with:
K±ij = −n±µ
(
∂2Φµ
∂ξi∂ξj
+ Γµ±γλ
∂Φγ
∂ξi
∂Φλ
∂ξj
)
, (15)
giving the non-zero components
K+ττ =
√
χu˙2 − 2εu˙r˙
[
r˙
(
u¨+
ε
2
u˙2χ,r
)
− u˙
(
r¨ − ε
2
u˙2χ,u +
1
2
u˙2χχ,r − εu˙r˙χ,r
)]
K+ϑϑ =
1
Σ2
K+ϕϕ =
√
χu˙2 − 2εu˙r˙ (χu˙− εr˙)r,
K−ττ =
√
t˙2 − a2R˙2
[
aR˙
(
t¨+ a,taR˙
2
)
− at˙
(
R¨+ 2
a,t
a
R˙t˙
)]
,
K−ϑϑ =
1
g2
K−ϕϕ =
√
t˙2 − a2R˙2
(
a2R˙a,tf
2 + t˙aff ′
)
.
(16)
Matching the second fundamental forms gives us:
r˙u¨−u˙r¨+ ε
2
u˙2r˙χ,r+
ε
2
u˙3χ,u− 1
2
u˙3χχ,r+εu˙
2r˙χ,r
σ
= 
(
aR˙t¨+a2a,tR˙
3−at˙R¨−2a,tR˙t˙2
)
, (17)
χu˙− εr˙ σ= (aa,tR˙f + t˙f ′). (18)
2Here, we keep the notation of [6] and the constant  shouldn’t be confused with ε.
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After quite long calculations to simplify equations (14), (17) and (18), we end up with:
u˙
σ
= ε
t˙+ εaR˙
εf ′ − a,tf , (19)
r
σ
= af, (20)
m
σ
=
1
2
aa2,tf
3 − 1
2
aff ′2 +
b
2
af − Λ
6
a3f3, (21)
R˙
σ
= ε
p
aρ
t˙, (22)
where the interior pressure p and density ρ are defined by the Friedmann equations (2).
We note that for b = 1 and Λ = 0, equations (19)-(22) reduce to the ones of [4].
The requirement for the matching hypersurface to be timelike implies, using the first
fundamental forms (13), the inequalities
χu˙2 − 2εr˙u˙ > 0,
t˙2 − a2R˙2 > 0. (23)
The above analysis leads to the following result:
Theorem 1. The necessary and sufficient conditions to match the spacetimes (1) and
(5), across a timelike hypersurfaces parametrized by (10), are given by equations (19)-
(22) together with the inequalities (23).
Remark 2. We note that the matching hypersurface should be determined by solving the
matching conditions in each case. This is one of the goals of Section 4, where we consider
more specific forms for the metrics.
In our matching procedure, we match the same kind of spatial topology in the interior
and exterior spacetimes, so that
f ′2 = b− kf2 (24)
is satisfied for the possible combinations of Table 1, implying f ′′ = −kf and, then, any
derivative of f can be written in terms of the f functions themselves.
Remark 3. From (21) and (24), we get
m
σ
=
a3f3ρ
6
, (25)
which makes transparent an important physical consequence of the matching conditions,
which is the continuity of the mass across σ.
3.1 Case p = γρ
Assuming a linear equation of state p = γρ, the inequalities (23) give
1 >
p2
ρ2
⇒ 1 > γ > −1, (26)
which, for u˙ > 0, implies from (19)
f ′ > εa,tf, (27)
restricting the γ values for each functions f and a. Note that (26), together with ρ > 0,
ensures the dominant energy conditions.
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It is also easy to check that
m
σ
= const ⇐⇒ γ = 0, (28)
and, when m is constant in the whole exterior spacetime (not just on the surface σ), we
recover the results of [13] for the matching of a dust interior and a Kottler exterior. To
prove (28), we need to obtain ρ as a function of a. With the Friedmann equations (2), it
is well known that we can obtain such an equation as ρa3(1+γ) = ρ0, where ρ0 > 0 is a
constant. So, for γ = 0, we have m
σ
= f3ρ0/6 and, from (22), R˙
σ
= 0, which means that
f(R) is also constant and we recover result (28).
3.2 Cases Λ ≥ 0
Before proceeding, some comments are in order regarding the cases Λ = 0 and Λ > 0:
(i) Case Λ = 0: Considering m > 0, the cases b = 0 and b = −1 can be excluded, a
priori, since they wouldn’t represent black hole formation as explained in Section
2.2. In turn, the case k = 0 and b = 1 can be matched and was analysed in great
detail in [6].
(ii) Case Λ > 0: In this case, the gravitational collapse results, in most cases, on a
bounce that prevents the singularity formation. So, we will not treat this case here
and leave it for a future publication.
We shall then proceed with the case Λ < 0 which, as we shall see, can represent the
gravitational collapse of a FLRW fluid to an asymptotically AdS black hole with either
spherical, toroidal or higher genus topology.
4 Analysis of the matched spacetimes for Λ < 0
To start with, we observe that if we assume that the initial hypersurface is untrapped,
then the matching for the case k = b = 0 and Λ < 0 is impossible since, from the matching
conditions, we get
χ
σ
= (f ′)2 − a˙
2f2
t˙2
= − a˙
2
t˙2
< 0. (29)
We highlight this in the following lemma:
Lemma 1. It is impossible to match metrics (1) and (5) with m > 0, initially untrapped,
across a timelike hypersurface, as in Theorem 1, for k = b = 0 and Λ < 0.
There is a similar result for a FLRW interior and a Kottler exterior [21], so this result
might not be surprising.
We shall then consider other values of k and b, giving examples of spacetime matchings
between FLRW interiors and the generalised Vaidya exteriors given by (5) for the three
different topologies. In order to do that, we shall assume, from now on, the linear equation
of state p = γρ and, without loss of generality, t(τ) = τ at the matching boundary. The
same choice was used by the authors of [6] and we intend to make a close comparison
of our results with theirs, at least in the spherical case. For that case, we summarize as
follows the main results which are proved in Section 4.1.:
Theorem 2. Given a spherically symmetric interior FLRW spacetime (M−, g−) with
k = 0, 0 < γ < 1 and Λ < 0, there is always a one-parameter family of timelike surfaces
of symmetry σ, across which it is possible to match (M−, g−) to a spacetime (M+, g+)
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having the metric (5) with b = 1, for a time interval depending on ε and . The matched
spacetime satisfies the dominant energy conditions.
Given (M−, g−) and the free parameter at σ, (M+, g+) is uniquely determined by the
matching conditions. For ε = 1 and  = 1, there are open sets of initial data such
that the matched spacetimes are initially untrapped and eventually (re)collapse forming
an apparent horizon and an asymptotically AdS black hole with spherical topology.
While in the spherical case with k = 0, one can write the solutions to the Friedmann
equation in terms of elementary functions for any γ, this is not the case for k = −1
and Λ < 0 where, instead, particular γ cases will be analysed. Such particular solutions,
satisfying the dominant energy conditions, can be obtained for γ = −2/3,−1/3, 1/3. A
summary of the main results of sections 4.2 and 4.3 is as follows:
Proposition 1. It is possible to match an interior FLRW spacetime (1) with k = −1 and
Λ < 0, across timelike surfaces of symmetry σ, to an exterior spacetime (5), satisfying
the weak energy conditions, for:
• b = 0, toroidal topology and γ = 1/3 or γ = −2/3, if ε = 1,  = 1 or ε = −1,  = 1,
respectively.
• b = −1, higher genus topology and γ = 1/3, if ε = 1,  = 1.
In the cases with ε = 1, there are open sets of initial data such that the matched spacetimes
are initially untrapped and collapse, forming an apparent horizon and an asymptotically
AdS black hole with the corresponding topology.
4.1 Spherical topology (b = 1 and k = 0)
In this case, f(R) = R and the matching conditions become (for p = γρ and t(τ) = τ):
u˙
σ
= ε
1 + γ
ε− a˙R, (30)
r
σ
= aR, (31)
m
σ
=
1
2
aa˙2R3 − Λ
6
a3R3, (32)
R˙
σ
= ε
γ
a
. (33)
Condition (27) must also be satisfied for the matching to remain valid and, for spherical
geometry, it can be written as
εa˙R−  < 0. (34)
In turn, the energy condition (6), for u˙ > 0, gives
ε(εa˙R− )m˙ ≤ 0. (35)
So, as long as condition (34) is satisfied, the m function will grow for incoming radiation
and will decrease for outgoing radiation, as expected.
We now proceed with the study of the dynamics. Since r = aR, we need to study both
a and R, in order to know if the system collapses or expands. In [6], given that Λ = 0,
it was possible to choose a strictly increasing function a, so that R was the function that
decided if there was collapse or not. Here, this is not the case. In fact, the solution of
Friedmann’s equation, for Λ < 0, can be written as
a(t) = a0 sin
2
3(1+γ) (αt), (36)
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with α = (γ + 1)
√
3|Λ|/2 and αt ∈ [0, pi]. This function increases up to a maximum a0,
that we set as a0 = 1 without loss of generality, and then decreases to zero. We now need
the solution for R, at the boundary, which is given by
R(τ)
σ
= R0 + εγ
∫
dτ
a(τ)
= R0 + εγI(β, τ), (37)
where β = 23(1+γ) and
I(β, τ) =
∫
dτ
sinβ(ατ)
. (38)
For β ≥ 1, this integral does not converge for ατ ∈ [0, pi], so we restrict γ to the interval
−1/3 < γ < 1,
which means that 1/3 < β < 1. Because of our freedom to choose R0, we can always set
I(β, 0) = 0, by a convenient choice of limits in the integral (38), and then R0 ≥ 0. With
this choice, we can then solve the integral giving
I(β, τ) =
√
pi
2α
Γ(1/2− β/2)
Γ(1− β/2) −
cos(ατ)
α
2F1
(
1
2
,
1 + β
2
,
3
2
, cos2(ατ)
)
, (39)
where Γ is the gamma function and 2F1 the hypergeometric function. Although it may look
messy, I(β, τ) is a well behaved function for ατ ∈ [0, pi]. Since I˙(β, τ) = sin−β(ατ) > 0,
we know that I grows until a maximum value at ατ = pi and an example is shown in
Figure 1. The limit of I, as τ approaches pi/α, is
Π
Α
Τ
IH Β ,Τ L
Figure 1: Plot of the function I(β, τ), for some β ∈]1/3, 2/3[, i.e. some γ ∈]0, 1[.
lim
τ→pi/α
I(β, τ) =
√
pi
α
Γ(1/2− β/2)
Γ(1− β/2) . (40)
When εγ < 0, we want R0 to be larger than this limit so that R > 0 in the interval
ατ ∈ [0, pi]. If, however, R0 is not larger than this limit, the collapse will happen before
τ = pi/α, at τ = τS defined by the equation
R(τS) = 0⇒ R0 = −εγI(β, τS). (41)
After fixing the value of R0 of the initial system, this equation can be solved numerically
to obtain the collapse time τS . For a fixed β, equation (38) can be integrated to obtain
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Figure 2: Examples of the function r(τ) for a fixed γ satisfying: (i) εγ > 0 (blue); (ii) εγ < 0
and some R0 > |εγI(β, τ)|, for all τ (red); (iii) εγ < 0 and R0 = |εγI(β, τS)|, for a finite
τS. Note that only in the last case do we have collapse before τ = pi/α.
R(τ) which, together with (36) and (31), gives r(τ). Various examples of the evolution of
r(τ) can be seen in Figure 2.
Let us now examine how the dynamics is restricted by conditions (34) and (35). In
order to do that, we need to calculate r˙ as
r˙ = a˙R+ aR˙ = a˙R+ εγ. (42)
According to equation (34), r˙ must satisfy
r˙ < (1 + γ) (43)
for incoming radiation (ε = 1) and
r˙ > −(1 + γ) (44)
for outgoing radiation (ε = −1). From these results, it can be seen that r˙ = ±(1 + γ)
corresponds to a special location which occurs for a˙R = ±1. To understand what is
happening, we need to discuss the marginally trapped surfaces of the system which, as
we know from Section 2, are defined in the exterior by the equation χ = 0 and, in the
interior, by a˙2f2− f ′2 = 0. From the matching conditions, these equations are equivalent
at the matching surface, so that the marginally trapped surfaces are continuous across
the boundary, as expected. As was seen in Section 2.2, there will be an apparent horizon
in the exterior which is spacelike (i.e. a dynamical horizon) for b = 1, Λ < 0 and ε = 1.
The matching surface crosses the apparent horizon precisely when
a˙2R2 = 1, (45)
which has two solutions, satisfying (43) and (44), for r˙ = ±(1∓γ). In turn, these solutions
limit the possible τ values. In order to analyse this, we also need to study the restriction
to the γ values which come from condition (35).
Before doing that, we note a difference between our approach and the work of Fayos
et al. [6]: While they have the initial time at some τ > 0 and can have R0 < 0, we fix
the initial time to be τ = 0 and have R0 ≥ 0. So, we now analyse, separately, the cases
R0 > 0 and R0 = 0.
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For R0 > 0, we have that r˙, from (42), can be written as
r˙(τ) = R0
√
|Λ|
3
sin
−1−3γ
3(1+γ) (ατ) cos(ατ)+εγ
[
1+
√
|Λ|
3
sin
−1−3γ
3(1+γ) (ατ) cos(ατ)I(β, τ)
]
. (46)
When τ → 0, the first term diverges since we restricted γ ∈ ] − 1/3, 1[, so r˙ → +∞. In
that case, this means that, near τ = 0, we need ε = −1 in order to satisfy condition (44)
for any . This solution must also satisfy the energy condition (35) which tells us that,
for ε = −1, we need m˙ ≤ 0 for a timelike surface. The m function on σ can be calculated
from (32) as
m(τ) = R3
|Λ|
6
[
sin
−2γ
1+γ (ατ) cos2(ατ) + sin
2
1+γ (ατ)
]
. (47)
The dominating term in this function, when we take the limit τ → 0, becomes
m(τ) ∼ R30
|Λ|
6
sin
−2γ
1+γ (ατ) cos2(ατ). (48)
So, in order to have m˙ ≤ 0, near τ = 0, we need to have
γ > 0.
Applying the same approach near τ = pi/α, we get the same restriction to the γ values
but with ε = 1. This garantees m˙ ≤ 0 in the whole allowed τ interval. This is due to the
fact that m, in (47), has always a minimum which occurs when (34) becomes an equality.
Unlike Fayos et al. in [6], we can’t exclude any specific combination of ε and  so, for
R0 > 0, we have the following 4 possible cases:
• Case ε = 1,  = 1: In this case, r˙ < 1 + γ, which means that r˙ can start as
positive, at some τi, but the system will reach a maximum radius before collapsing.
The valid interval for τ is τ ∈]τi, pi/α], where τS = pi/α is the time of the singularity
formation and τi is defined by a˙(τi)R(τi) = 1. Since ε = 1, then m˙ ≥ 0 and m
diverges at τS . The solutions of equation (45), in this case, are r˙ = ±1 + γ, where
r˙ = 1 + γ is the surface which limits the τ values (as the matching is not valid
beyond it) and r˙ = −1 + γ corresponds to the apparent horizon which happens at
τH given by a˙(τH)R(τH) = −1, after the maximum of expansion at r˙ = 0. This case,
in particular, is illustrated in Figure 3.
• Case ε = 1,  = −1: In this case, r˙ < −1− γ, which means that r˙ will always be
negative and the system will collapse. The valid interval for τ is τ ∈]τi, pi/α], where
τi is defined by a˙(τi)R(τi) = −1. Since ε = 1, m will again increase and diverge at
τS = pi/α. The solutions of equation (45), in this case, are given by r˙ = ±1 − γ,
where r˙ = 1− γ corresponds to a surface that is outside the valid interval for τ and
r˙ = −1 − γ gives the surface that limits the τ values. Therefore, the system does
not form an apparent horizon but the collapse can, instead, be happening inside the
trapped region. Since ε = −1, if R0 is smaller than the limit (40), the collapse
occurs before pi/α at a time defined by equation (41). We note that this case was
not included in [6], since condition (34) is not satisfied for Λ = 0.
• Case ε = −1,  = 1: Now r˙ > −1 − γ, so r˙ will start positive but will end up
negative. The system will expand up to a maximum radius before reaching a null
surface at τf defined by a˙(τf )R(τf ) = −1. The valid interval for τ is [0, τf [, where
τ = 0 corresponds to the starting singularity. Since ε = −1, m will decrease from
infinity, at τ = 0, to a finite value at τf . The solutions of equation (45), in this case,
are given by r˙ = ±1 − γ, where r˙ = −1 − γ is the limiting surface which arises at
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Figure 3: Example of the evolution of r(τ) for ε =  = 1. The red line (defined at τi)
corresponds to the surface that limits the τ values and the red dashed line (defined by τH)
corresponds to the time of the apparent horizon formation.
τf . In turn, r˙ = 1 − γ corresponds to a (past) marginally trapped surface, which
occurs before the time of maximum expansion at r˙ = 0. Again, since ε = −1, if
R0 < γI(β, τf ), then the collapse occurs at τS defined by equation (41). In this case,
the mass m goes to zero at τS and we have a model of evaporation of a white hole.
• Case ε = −1,  = −1: This time r˙ > 1+γ, so r˙ will be always positive. The system
will always expand until it reaches a null surface at τf , defined by a˙(τf )R(τf ) = 1.
The valid interval for τ is [0, τf [, where τ = 0 corresponds again to the starting
singularity. Also, due to ε = −1, m will decrease from infinity, at τ = 0, to a finite
value at τf . Equation (45) now gives r˙ = ±1 + γ, where r˙ = 1 + γ corresponds to
a surface which limits the possible τ values, and r˙ = −1 + γ is a surface that is
outside the valid interval for τ . Thus, the system expands from a singularity but
never crosses any horizon.
In all four cases above, except the second, the dynamics is qualitatively similar to the
corresponding Λ = 0 cases analized in [6].
For R0 = 0, however, we need a different reasoning. This time, R can be written as
R(τ) = εγI(β, τ). Since I(β, τ) is positive, we must have εγ > 0 so that R > 0. In
this case, (32) gives
m(τ) = εγ
|Λ|
6
(I(β, τ))3
[
sin
−2γ
1+γ (ατ) cos2(ατ) + sin
2
1+γ (ατ)
]
. (49)
This case has m(0) = 0 (i.e. the collapse starts in AdS spacetime) but, now, m increases
until it diverges at τ = pi/α. So, we get m˙ > 0 which, by the energy condition (35), means
that we must always have ε = 1. Therefore, we obtain from (42)
r˙(τ) = ε
[
γ + γI(β, τ)a˙
]
= ε
[
γ + γ
√
|Λ|
3
sin
−1−3γ
3(1+γ) (ατ) cos(ατ)I(β, τ)
]
, (50)
and, in order to satisfy (43), we need γI(β, τ)a˙ < . By estimating this inequality, we
get limτ→0 γI(β, τ)a˙ < 1/2, for −1/3 < γ < 0, which means that we need  = 1. This,
together with the condition εγ > 0, implies that we can have R0 = 0 only when γ > 0,
ε = 1 and  = 1. This corresponds to a system that starts with m
σ
= 0, expands up to a
maximum radius and, then, recollapses to a singularity with a diverging m. The apparent
horizon, for this case, forms when r˙ = −1 + γ.
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4.2 Toroidal topology (b = 0 and k = −1)
In this case, f = e±R and the matching conditions (with t(τ) = τ and p = γρ) reduce to
u˙
σ
= ε
1 + γ
±ε− a˙ e
∓R, (51)
r
σ
= ae±R, (52)
m
σ
=
1
2
ae±3R(a˙2 − 1− Λ
3
a2), (53)
R˙
σ
= ε
γ
a
. (54)
Condition (27) is now
± − εa˙ > 0 (55)
and the energy condition (6), on the matching surface, can be rewritten as
ε(±− εa˙)m˙ ≥ 0. (56)
For k = −1 and Λ < 0, equation (4) does not admit, in general, an explicit solution for
open sets of γ, unlike the case k = 0. So, we will consider particular values of γ 6= 0
satisfying the dominant energy conditions, and for which explicit expressions of the scale
factor a are known [9], namely γ = 1/3 and γ = −2/3. Furthermore, to simplify the
discussion we will focus on the collapsing dynamics of the spacetime without a previous
expansion phase.
As far as the exterior is concerned, we know already from [18] that the collapse of
spacetimes (5) with toroidal topology can lead to black hole formation (for ε = 1). The
difference here is that, by finding interiors to such spacetimes, we can interpret those
interiors as being the sources of mass and radiation for the exterior. An interesting
consequence of this is that by imposing ρ > 0 in the interior, by (25), we must have
m > 0 at the boundary and, locally, in the exterior. While, in [18], there could be black
hole formation with m < 0 and still satisfying the dominant energy conditions.
We also recall that, from [18], and as revised in Section 2.2, the surfaces of transitivity
of the exterior are trapped in the region 2m(u) > −Λr3/3 > 0 and the marginally trapped
tubes (when they exist) are non-timelike, having null parts if dm/du = 0 and spacelike
parts if dm/du > 0. This will help us to find viable interiors next.
4.2.1 Case γ = 1/3
In this case, the Friedmann equations admits the following collapsing explicit solution:
a(t) =
√
2
α
√
1− cos(αt+ θ0) + β sin(αt+ θ0), (57)
where α = 2
√|Λ|/3 and β, θ0 are constants defined by the initial conditions. In turn,
from (54), we get
R(τ) = R0 +
1
3
ε
∫ τ
0
dt
a(t)
:= R0 +
1
3
εL(τ). (58)
The function L(τ) can be obtained in terms of products involving trigonometric functions
and Appell hypergeometric functions. Choosing appropriate intervals of continuity for
L(τ) where a˙(0) = 0 and a˙(τ) < 0, for τ > 0, we then fix β = 1 and θ0 = 3pi/4 so that
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ατ ∈ [0, 3pi/4]. In that case, the function L(τ) can be written in the considerably simpler
form
L(τ) =
√
2
√
2− 2F
(
ατ
2
, 4− 2
√
2
)
, (59)
where F is an elliptic function of the first kind. This function is finite and continuous
for ατ ∈ [0, 3pi/4]. Now that we have a well-behaved R function we can just ignore it
and focus only on a(τ). This is because r = af = ae±R and so, as long as R is finite,
the collapse is decided solely by the function a(τ). Furthermore, the apparent horizon is
defined by the equation f ′2− a˙2f2 = 0 which, for this case, reduces to a˙2 = 1 so, again, we
just need a(τ). The only condition where f is necessary is (55), where we need to know
which f function should be chosen.
Now, from (57), we get
a˙(τ) =
cos (ατ + pi/4)− sin (ατ + pi/4)√
2
√
1 + cos (ατ + pi/4) + sin (ατ + pi/4)
. (60)
This function starts at zero and decreases to minus infinity as it approaches ατ = 3pi/4.
The apparent horizon occurs for ατ = pi/2. In turn,
m(τ) =
1
2
af3
(
a˙2 − 1 + Λa
2
3
)
=
1
2α
e±3R(τ)√
2 + 2
√
2 cos (ατ)
. (61)
The function between the brackets starts as positive and it is ever increasing, diverging
at ατ = 3pi/4. To know m˙ we need to know if f increases or decreases, which depends
purely on the sign of ε. When ε is positive (resp. negative), we have that f increases
(resp. decreases) for f = eR. Furthermore, f only dominates the dynamics near τ = 0
being overpowered near ατ = 3pi/4, where m diverges. Then, we focus on the cases where
f increases, as they are the only cases that cause collapse and always satisfy condition
(56), for a fixed ε (which, in this case, is ε = 1, just like the cases of black hole formation
of [18]).
So, now that we have m˙ > 0, f˙ > 0 and ε = 1, the condition (55) implies
± − a˙ > 0. (62)
This implies that we have two possible cases allowing for f˙ > 0, namely f = e±R,  = ±1.
We then get that condition (62) becomes 1− a˙ > 0 which is always satisfied for both cases,
given that a˙ < 0. So, the possible cases are f = e±R for  = ±1 and the matching is
valid for ατ ∈ [0, 3pi/4], with the apparent horizon being formed at ατH = pi/2. As was
specified in Section 2.2, this apparent horizon is always spacelike, so it is an example of a
dynamical horizon.
4.2.2 Case γ = −2/3
In this case, the Friedmann equations admit the explicit solution
a(t) =
β
2α2
[1− cos (αt+ θ0)] + 1
α
sin (αt+ θ0), (63)
where α =
√|Λ|/3 and β, θ0 are again defined by the initial conditions. This function
starts increasing from zero at αt+ θ0 = 0, reaches a maximum at αt+ θ0 = pi− arctan(2)
and then decreases to zero at αt + θ0 = 2pi − 2 arctan(2). As in the previous section, we
need to control
R(τ) = R0 − 2
3
ε
∫ τ
0
dt
a(t)
:= R0 − 2
3
εK(τ) (64)
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and, by similar reasons as in the previous case, we now choose β = α and θ0 = pi−arctan 2
so that ατ ∈ [0, pi − arctan 2]. With this choice, we get
K(τ) =
1
2
ln 5− ln
[
1 + 2 tan
(−ατ + arctan 2
2
)]
, (65)
which is positive and always increasing for ατ ∈ [0, pi − arctan 2[. However, this function
diverges at ατ = pi − arctan 2, which causes R to be negative if we choose ε = 1. So,
for the collapse to be possible with positive R, we need to choose ε = −1. The function
r = af still goes to zero at ατ = pi − arctan 2, even if we choose the diverging function
f = eR.
Now, from (63), we get
a˙(τ) = −1
2
sin(ατ − arctan 2)− cos(ατ − arctan 2), (66)
which, unlike the case of the previous section, does not diverge but instead starts at zero,
reaches a minimum at ατ = arctan 2 + arctan 12 and then increases again. Because of
this, the marginally trapped surface equation a˙2 = 1 has two solutions, ατ = arctan 2 and
ατ = pi − arctan 2, where the latter corresponds to the collapse time.
In turn, the mass function is
m(τ) =
1
2
af3
(
a˙2 − 1 + α2a2
)
=
1
16α
e±3R(τ)
(
7 + 4
√
5 cos (ατ) + 5 cos (2ατ)
)
, (67)
which, given ατ ∈ [0, pi − arctan 2], always decreases to zero for f = e−R, and increases
to a maximum before decreasing to zero for f = eR. Therefore, we will choose f = e−R
which is the only solution allowing for a fixed ε in the whole τ interval, meaning ε = −1,
according to the energy condition (56). We then choose ε = −1, i.e.  = 1.
With f = e−R, condition (55) becomes
1− a˙ > 0, (68)
which is always satisfied, since a˙ < 0. Therefore, we have a collapse in the whole interval
ατ ∈ [0, pi − arctan 2] and, as ε = −1, we have a marginally past trapped surface that
forms at ατ = arctan 2. So, this case corresponds to a white hole.
4.3 Higher genus topology (b = −1 and k = −1)
As far as we know, this is the first time that the spacetimes (5) with b = −1 are considered
in the context of collapse. So, even the study of particular cases seem to be of interest.
As we now have f = coshR, the matching conditions become (for t(τ) = τ and p = γρ):
u˙
σ
= ε
1 + γ
ε sinhR− a˙ coshR, (69)
r
σ
= a coshR, (70)
m
σ
=
1
2
a cosh3R(a˙2 − 1− Λ
3
a2), (71)
R˙
σ
= ε
γ
a
. (72)
Condition (27) becomes
 tanhR− εa˙ > 0 (73)
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and the dominant energy condition is
ε( tanhR− εa˙)m ≥ 0. (74)
As in the previous section, we will consider particular cases of γ, namely γ = 1/3, γ = −1/3
and γ = −2/3, satisfying the dominant energy conditions, and focus on the collapsing part
of the spacetime dynamics. We know, from Section 2.2, that in this case, the surfaces
of transitivity of the exterior are trapped in the region 2m(u) + Λr3/3 + r > 0 and the
marginally trapped tubes (when they exist) are timelike if 1 > |Λ|r2, spacelike if 1 < |Λ|r2
(dynamical horizons) and null if dm/du = 0.
4.3.1 Case γ = 1/3
In this case, the solutions for a and R are exactly the same as in Section 4.2.1 and given
by equations (57) and (58). As before, we just consider ατ ∈ [0, 3pi/4], with θ0 = 3pi/4
and β = 1. In turn, the time τH of the apparent horizon formation is given by
χ = sinh2R− a˙2 cosh2R = 0⇒ tanh2R = a˙2, (75)
which now depends on R0 and on the sign of ε. Since a˙
2 starts at zero and diverges for
ατ = 3pi/4 and tanh2R < 1, then equation (75) will always have a solution which is finite
if the derivative of tanh2R, at τ = 0, is larger than the derivative of a˙2 at τ = 0.
Now, for the mass function, we get
m(τ) =
1
2α
cosh3R(τ)√
2 + 2
√
2 cos(ατ)
. (76)
This time, f˙ is positive for ε = 1 and negative for ε = −1 (considering R ≥ 0).
Using the same argument as in the last section, since m diverges at ατ = 3pi/4, we will
consider ε = 1 which gives m˙ > 0 and satisfies the energy condition (74) in the whole
time interval. This fact, together with condition (73), gives ε = 1 and tells us that we
have just one possible case:  = 1. In this case, (73) becomes tanhR > a˙ which, as long
as R is positive, is always satisfied in the considered time interval. Then, the possible
τ values are τ ∈ [0, 3pi/4α] and the apparent horizon is formed at a time τH defined by
the equation tanhR(τH) = −a˙(τH). As m diverges, we will always end up having a large
enough horizon radius rH where both χ = 0 and |Λ|r2H > 1 are verified. This means that
we will always end up having a dynamical horizon. As far as we are aware, this is the
first example of the formation of a dynamical horizon with higher genus topology.
4.3.2 Cases γ = −1/3 and γ = −2/3
Using a similar procedure as in Section 4.2.2, we could not find feasible models of collapse,
in these cases. This is due to the fact that condition (73) did not remain valid after the
trapped surface formation and, therefore, the matching could not be properly described.
More details about these cases can be found in [16].
5 Conclusions
In this paper, we have derived the matching conditions between the generalised Vaidya
metric (5) and the FLRW metrics (1) for perfect fluid source fields, across timelike hyper-
surfaces. We have then imposed a linear equation of state in the FLRW fluid and proved
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existence results for the matching, satisfying the weak and dominant energy conditions. In
particular, we have constructed models of radiative gravitational collapse which result in
the formation of asymptotically AdS black holes with spherical, toroidal and higher genus
topologies. We have also found cases where, instead, a white hole forms. A summary of
our results can be found in Table 2.
Black Hole Formation White Hole Formation Dynamical Horizon
Spherical ε = 1,  = ±1, 0 < γ < 1 ε = −1,  = ±1, 0 < γ < 1 ε = 1, 0 < γ < 1
Toroidal ε = 1,  = ±1, γ = 1/3 ε = −1,  = 1, γ = −2/3 ε = 1, γ = 1/3
Higher Genus ε = 1,  = ±1, γ = 1/3 None found ε = 1, γ = 1/3
when rH > 1/|Λ|
Table 2: Table summarizing our results as well as the restrictions on the free parameters.
The parameter ε refers to the advanced or retarded character of the u coordinate in (5). The
constants  and  satisfy  = ±1 by definition, see (12), and γ is the parameter of the FLRW
linear equation of state p = γρ.
From the physical point of view, the spherically symmetric case of Section 4.1 contains
a specially interesting subcase, given by ε = 1, which models a compact region containing
a fluid, with any 1 > γ > 0, and having a radiating exterior. The fluid then collapses into
a black hole while it exchanges energy with the exterior region.
Another interesting property that has been found is the existence of dynamical horizons
in these settings. In particular, as far as we know, we provide the first example of the
formation of a dynamical horizon with higher genus topology. A discussion about the
importance and applications of dynamical horizons is given in [1] and includes different
aspects of black hole mechanics, numerical relativity and mathematical physics beyond
the Einstein-Maxwell theory.
Our work can be seen as an extension of the following past works: (i) [21], which
considers the interior FLRW metric (1) with k = −1 (in particular, the cases (b) and (c)
of Table 1), having a dust source field, matched to an exterior metric (5) with m(u) =
const., Λ < 0 and b = −1, i.e. to a Kottler metric with hyperbolic symmetry; (ii) [13],
which takes the remaining non-spherical cases of Table 1, again with a dust source, and
exteriors given by (5) with m(u) = const., Λ < 0 and b = 0,−1, i.e. by Kottler metrics
with planar or hyperbolic symmetry; (iii) [6], which considers perfect fluid FLRW metrics
(1), with a linear equation of state and k = 1, matched to the metrics (5) with b = 1 and
Λ = 0, i.e. to (radiating) Vaidya exteriors in spherical symmetry only.
As a final remark, we note the matching conditions are local conditions and one can
swap the role of the interior and exterior metrics. In that case, our generalised Vaidya
spacetime could be seen as a compact region embedded in an evolving FLRW cosmolog-
ical model. This setting would require a new analysis of the equations, but it could be
potentially interesting to study e.g. the formation of primordial black holes in the early
universe.
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